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Abstract
This is a review of the basics of duality as applied to p-forms and σ-models.
The ideas are introduced by way of worked examples, often quite detailed. Our
approach is very pedestrian and the presentation is aimed at non-specialists,
such as e.g. graduate students.
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Preface
The report you hold in your hands represents the written version of a series
of lectures that were presented by U.L. at the University of Oslo in the fall
of 1996. The notes were checked, elaborated on and texed by S.E.H. We took
the opportunity to add some useful references (with no attempt what so ever
at completeness). To further improve the notes we also added a section on
Poisson-Lie T -duality that was not included in the original lectures.
Oslo, March 1997
S.E.Hjelmeland
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Introduction
Dualization has by know appeared in several different contexts in theoretical
physics. A few of those are: Kramers-Wannier duality, dual models, Hodge
dual, dual maps, scalar-tensor duality, electric-magnetic duality, Montonen-
Olive duality, the low energy effective action duality constructed by Seiberg,
and the recent string dualities (S-duality, T -duality, U -duality). In this lecture
some of these dualities will be outlined in more detail.
Here duality will mean that there exist two equivalent descriptions of a model
using different fields. A classical example is the scalar-tensor duality in 4D.
A free Klein-Gordon field φ has an equivalent description in terms of a free
antisymmetric tensor field Aµν
3. The relation between the fields is describable
as a Legendre transform, but an explicit description of one as a function of
the other would be non-local and non-linear. Only in certain 2D-dualities do
we have an explicit relation, such as in the case of the duality between the
massive Thirring model S(ψ) and the Sine-Gordon model S(φ) where φ ∼ ψ¯ψ,
is a bound state from the point of view of the Thirring model [1]. The reason
why such cases are important and interesting is the fact that duality typically
exchanges the coupling regimes: g → 1/g, then the weak coupling regime in
one model is the strong coupling regime in the other and vice versa. Knowing
the explicit relation thus allows perturbative calculations in the variables of the
original theory both in the strong and weak coupling regimes.
Imagine for a moment that QCD had a dual description and that we knew
the explicit transformations. We would then have perturbative control over
both the asymptotically free and the confined phase. This of course is too
much to hope for, but recent years have seen a remarkable development in
field theory along these lines. Namely, Seiberg and Witten [2] have solved the
N = 2 supersymmetric Yang-Mills theory in a way that utilizes duality - an
“electric-magnetic” duality of the kind conjectured by Montonen and Olive [3]
and known for N = 4 - and, they also showed that breaking N = 2 down
to N = 1 gives electric confinement. So, there exists a semi-realistic theory
with some of the desired properties. Further, through the work of Seiberg and
collaborators [4] a “low energy effective duality” has been shown to exist in
certain N = 1 supersymmetric field theories, with colour gauge groups SU(Nc)
and flavour group SU(Nf ) (see fig.1 on the next page).
Now after this discovery by Seiberg in field theory it still remained an open
3We will see that this as well as electric-magnetic duality are special cases of p-form duality
in D-dimensions where a p-form is dual to a D − (p+ 2)-form.
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Figure 1: For Nc + 1 ≤ Nf ≤ 32Nc the low energy description of the models on the
left and right hand side are dual.
question whether similar relations exist in string theory. Field theory being
the low energy limit of strings it is clear that string duality implies field the-
ory duality, but not the other way around. Dualities in string theory have
been conjectured for a long time but only recently has there been sufficient
evidence to believe the duality to exist. In fact, string theory is presently un-
dergoing a very rapid development, (“2nd revolution”), which is based on the
discovery of D-branes4, the existence of dualities, etc. [5]. Field theory duality
multiplets contain elementary quanta and smooth classical configurations (mag-
netic monopoles). String duality multiplets contain these (elementary quanta,
strings) plus singular configurations (black holes) and D-branes.
Type IIA
Type IIB
Type I
M-theory
SO(32)
heterotic
E8×E8
heterotic
Figure 2: The moduli space of string vacua.
4D-branes are solitonic solutions to the string equations that are “branes” where open
strings end (i.e. where those strings have Dirichlet boundary conditions).
iv
String dualities were discovered in investigation of dualities that relate vari-
ous weakly coupled string theories. In fact the picture that now emerge in string
theory may be depicted something like that of Fig.2 (borrowed from [5]). The
known models correspond to weak coupling and the full moduli space is largely
unchartered. In particular one sees evidence of an extra eleventh dimension
in one direction in moduli-space. The low-energy limit of this unknown 11D
M-Theory is 11D supergravity.
After this detour into the unknown, let us return to basics!
v

Chapter 1
Scalar-Tensor Duality
1.1 Field eqn’s ↔ Bianchi’s
Consider the actions for a massless free Klein-Gordon field1 φ in 4D
Sφ =
1
2
∫
d4xFµ(φ)F
µ(φ), (1.1)
where Fµ(φ) ≡ ∂µφ, and the action for a massless free anti-symmetric second
rank tensor field Aµν in 4D
SA =
1
3!
∫
d4xFµνρ(A)F
µνρ(A), (1.2)
where Fµνρ(A) ≡ ∂[µAνρ].
The field equation and the Bianchi identities for the free Klein-Gordon field
are
∂µF
µ(φ) = 0 (field equation) (1.3)
∂ ∗µ F
µνρ(φ) = 0 (Bianchi identities) (1.4)
and for the free anti-symmetric tensor field we find
∂ ∗µ F
µ(A) = 0 (Bianchi identity) (1.5)
∂µF
µνρ(A) = 0 (field equations), (1.6)
where ∗Fµνρ(φ) ≡ ǫµνρσFσ(φ) and ∗Fµ(A) ≡ 13!ǫµνρσFµνρ(A).
The key observation here is that the field equation for the free Klein-Gordon
field looks like the Bianchi identity for the free anti-symmetric field, and vice
versa. In fact there exists a framework where it is seen that the two theories
1We will use a notation where the fields are independent unless they have an explicit
argument (Fµ is and independent field while Fµ(φ) is not.).
1
represent the same physics. A change from one description to the other inter-
changes the role of field equations and Bianchi identities. Let us look into this
in more detail. Consider the so called parent action of SA
SF,φ =
∫
d4x
(
aFµνρF
µνρ + bφ∂ ∗µ F
µ
)
, (1.7)
where the scalar field φ is a Lagrange multiplier and Fµνρ is an independent
field (F 6= dA). Varying SF,φ with respect to φ gives directly
δφ : ∂ ∗µ F
µ = 0 =
1
3!
ǫµνρσ∂µFνρσ. (1.8)
Hence, we force the field Fνρσ to satisfy the Bianchi identity (eq.(1.5)). Thus,
we may write Fνρσ = ∂[νAρσ]. Plugging this back into the action (1.7) and
choosing a = 13! we recover the SA of (1.2). We have thus shown that (1.7) is
(classically) equivalent to (1.2)2.
To show that (1.7) is also equivalent to (1.1) we again consider SF,φ. With
the above value of a it reads
SF,φ =
1
3!
∫
d4x(FµνρF
µνρ + bφǫµνρσ∂µFνρσ).
Varying it now with respect to Fµνρ gives
δFµνρ : F
µνρ = − b
2
ǫµνρκ∂κφ. (1.9)
Putting this back into SF,φ we obtain
SF,φ → 1
3!
∫
d4x
(
b2
4
ǫλµνρǫκµνρ∂λφ∂
κφ+
b2
2
ǫµνρσǫκνρσφ∂µ∂
κφ
)
=
1
3!
∫
d4x
(
b2
4
(−3!)δλκ∂λφ∂κφ−
b2
2
(−3!)δµκ∂µφ∂κφ
)
=
b2
4
∫
d4x∂µφ∂
µφ. (1.10)
So, SF,φ → Sφ if b =
√
2.
Thus, from the parent action SF,φ we have shown that Sφ and SA is dual
to each other; the two actions represent the same physics (at least classically),
but the physical description is given using different fields. The characteristic
feature of this construction is that the field equations and the Bianchi identities
are exchanged. This duality may be illustrated as in Fig.1.1 below.
Parent actions are not unique. Another parent action which also shows that
Sφ and SA are dual to each other is
SF,A =
∫
d4x
(
a˜FµF
µ + b˜Aµν∂
∗
ρ F
ρµν
)
. (1.11)
2Proving equivalence by substituting the solution of one set of field equations into the
parent action is slightly risky, and requires some care for certain cases. The safe approach is
to compare the field equations.
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✻ ✻
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Figure 1.1: The parent action SF,φ is (classically) equivalent to both Sφ and SA
showing that Sφ and SA are dual to each other.
Varying the action with respect to Aµν we get right away
δAµν : ∂
∗
ρ F
ρµν = 0 = ǫρµνσ∂ρFσ, (1.12)
which is equivalent to Fµ = ∂µφ. So SF,A → Sφ if a˜ = 12 . If we instead vary the
action with respect to Fµ we obtain
δFµ : F
µ = −b˜ǫµνρσ∂νAρσ. (1.13)
Putting the expression for Fµ back into SF,A one can easily verify that
SF,A → b˜
2
3!2
∫
d4xFµνρ(A)F
µνρ(A). (1.14)
So, if we put b˜ =
√
2 we see that SF,A → SA. The duality between Sφ and SA
may be illustrated as shown in Fig.1.2.
1.2 The shift property
Next, we want to discuss another construction of dual theories. Go back to
(1.1)
Sφ =
1
2
∫
d4x∂µφ∂
µφ.
This action has a global symmetry, namely it is invariant under a constant shift
φ→ φ+ ǫ. We gauge this symmetry by introducing a field Vµ;
∂µφ→ Dµφ ≡ ∂µφ+ Vµ, (1.15)
3
SF,A
✡
✡
✡
✡
✡
✡
✡
✡
✡
✡✢
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏❫
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✻ ✻
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Figure 1.2: The parent action SF,A is (classically) equivalent to both Sφ and SA
showing that Sφ and SA are dual to each other.
and by letting
Sφ → Sφ,V ≡ 1
2
∫
d4xDµφD
µφ. (1.16)
Under a local shift, (ǫ = ǫ(x)), the action transforms into
Sφ,V = Sφ +
1
2
∫
d4x2Dµφδ(D
µφ)
= Sφ +
∫
d4xDµφ (∂
µǫ+ δV µ) . (1.17)
So, we have invariance if δV µ = −∂µǫ.
We add a term to the action Sφ,V that ensures that V
µ is pure gauge
SW = a
∫
d4xA ∗µν W
µν , (1.18)
where ∗W µν ≡ 12ǫµνρσWρσ and Wµν ≡ ∂[µVν]. Varying SW with respect to
Aµν , gives
δAµν :
∗Wµν = 0⇒ Vµ = ∂µλ. (1.19)
One can show that Sφ is recovered if ✷λ = 0 (modulo topological obstructions).
This is also achieved if we choose a gauge λ = 0, or redefine φ˜ = φ+ λ.
If we choose to integrate out Vµ instead, we find
Dµφ =
a
2
ǫρσνµ∂νAρσ ≡
a
3!2
ǫρσνµFνρσ(A) (1.20)
4
so that
Vµ =
a
3!2
ǫρσνµFνρσ(A)− ∂µφ. (1.21)
Putting these expressions back into the action gives (temporarily suppressing
the argument of F )
Sφ,V + SW → 1
2
∫
d4x
a2
(3!2)2
ǫρνσµǫ
µ
κτσ FρνσF
κτλ
+
a
2
∫
d4xAµνǫ
µνρσ∂ρ
( a
3!2
ǫαβλσFλαβ − ∂σφ
)
=
1
2
∫
d4x
{
a2
(3!2)2
(−1!)δρ[κδντδσλ]FρνσF κτλ
− a
2
3!2
∂αAµν(−1!)δα[λδµρδνσ]F λρσ
}
=
a2
3!2
∫
d4xFµνρ(A)F
µνρ(A). (1.22)
Choosing a =
√
2 we see that Sφ,V + SW → SA.
Conversely the action (eq.(1.2))
SA =
1
3!
∫
d4xFµνρ(A)F
µνρ(A)
also has a symmetry under Aµν → Aµν + ǫµν . Gauging this symmetry we
introduce
DµAνρ ≡ ∂µAνρ + Vµνρ. (1.23)
Then, the action becomes
SA,V =
1
3!
∫
d4xD[µAνρ]D
[µAνρ] (1.24)
with δVµνρ = − 13!∂[µǫνρ]. Again, we ensure that Vµνρ is pure gauge by adding
S˜W = a
∫
d4xφ ∗W, (1.25)
where ∗W ≡ ǫµνρσWµνρσ and Wµνρσ ≡ ∂[µVνρσ]. Varying the action with
respect to φ yields
δφ : ∗W = 0⇒Wµνρσ = 0 (1.26)
so that Vνρσ = ∂[νλρσ]. We may choose a gauge λρσ = 0 or otherwise redefine
A˜µν = Aµν + 3!λµν to recover SA.
Integrating out Vµνρ instead we have:
δVµνρ : D
[µAνρ] =
4!
2
aǫσµνρ∂ρφ (1.27)
5
so that
V µνρ = 2aǫσµνρ∂σφ− 1
3!
∂[µAνρ]. (1.28)
Putting this expression into the action SA,V + S˜W yields
SA,V + S˜W → 3!4!a2
∫
d4x∂µφ∂
µφ. (1.29)
So, choosing a =
√
2
4! , the action SA,V + S˜W → Sφ.
We summarize the two ways of constructing scalar-tensor duality in Figs.1.3
and 1.4:
SF,φ
✡
✡
✡
✡
✡
✡
✡
✡
✡
✡✢
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏❫
δFµνρ δφ
Sφ SA
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏❪
✡
✡
✡
✡
✡
✡
✡
✡
✡
✡✣
δAµν δFµ
SF,A
Figure 1.3: When the field equations and the Bianchi identities are interchanged the
two parent actions SF,φ and SF,A are (classically) equivalent to both Sφ and SA. Thus
Sφ is dual of SA and vice versa.
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Sφ,V + SW
✡
✡
✡
✡
✡
✡
✡
✡
✡
✡✢
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏❫
δAµν δVµ
Sφ SA
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏❪
✡
✡
✡
✡
✡
✡
✡
✡
✡
✡✣
δVµνρ δφ
SA,V + S˜W
Figure 1.4: When the shift symmetry is gauged the two parent actions Sφ,V + SW
and SA,V + S˜W are (classically) equivalent to both Sφ and SA. Thus Sφ is dual of SA
and vice versa.
Excercise: Verify the important property that the abelian duality trans-
formation D, is idempoten, i.e. D2 = ±1, in the examples above.
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Chapter 2
Electric-Magnetic Duality
2.1 Field eqn’s ↔ Bianchi’s
We now want to extend the scalar-tensor duality just described to Maxwell’s
theory.
The equations of motion reads
∂µF
µν = 0 (2.1)
and the Bianchi identity
∂ ∗µ F
µν = 0, (2.2)
in the absence of sources.
Here, interchanging field equations and the Bianchi identity is equivalent to
Fµν → ∗Fµν ; ∗Fµν → −Fµν (2.3)
Since
Fµν =


0 Ex Ey Ez
−Ex 0 Bz −By
−Ey −Bz 0 Bx
−Ez By −Bx 0

 (2.4)
and
∗Fµν =


0 Bx By Bz
−Bx 0 −Ez Ey
−By Ez 0 −Ex
−Bz −Ey Ex 0

 (2.5)
this is tantamount to the discrete symmetry
E→ B; B→ −E (2.6)
which is why this kind of duality is called electric-magnetic.
8
Starting from the action
SA =
1
4g2
∫
d4xFµν(A)F
µν(A), (2.7)
where Fµν(A) ≡ ∂[µAν], and the Bianchi identity
∂ ∗µ F
µν(A) = 0 (2.8)
we go to a parent action
SF,Λ =
∫
d4x
(
1
4g2
FµνF
µν + aΛµ∂
∗
ν F
νµ
)
(2.9)
Varying the action with respect to Λµ gives
∂µ
∗Fµν = 0⇒ Fµν = ∂[µAν] (2.10)
so that SF,Λ → SA.
On the other hand varying with respect to Fµν gives
δFµν :
1
2g2
Fµν =
a
2
∂ρΛσǫ
ρσµν ≡ a
2
∗Gµν . (2.11)
Plugging this back into the action, yields
SF,Λ → SΛ = −g
2a2
4
∫
d4x ∗Gµν ∗Gµν (2.12)
Since ∗Gµν ∗Gµν = −2GµνGµν , where Gµν = ∂[µΛν], we obtain the dual action
SΛ =
g2
4
∫
d4xGµν(Λ)G
µν(Λ), (2.13)
if1 a = 1√
2
. We see that the duality exchanged the “coupling regimes” g → g′ =
1/g. Also, the gauge field Aµ is interchanged with Λµ. Hence, electric-magnetic
duality in 4D is a vector-vector duality.
Now, this nice duality is destroyed when coupling to sources, unless we
include magnetic ones. In fact
∇ · E = ρe, ∇×E = −∂B
∂t
− jm, (2.14)
∇ ·B = ρm, ∇×B = ∂E
∂t
+ je (2.15)
is invariant under (in complex notation)
E+ iB → eiφ(E + iB)
ρe + iρm → eiφ(ρe + iρm) (2.16)
je + ijm → eiφ(je + ijm)
1Since we are considering a free theory at the classical level the coupling constant g could
be scaled into the fields, and we might a priori have allowed g-dependence in a. However,
the present assignment give the right charges and couplings when magnetic monopoles are
considered. See [1].
9
So, it looks as if we have an even larger group than previously contemplated
in (2.6). However, if we have particles with electric and magnetic charge the
transformations (2.17) must be accompanied by
qe + iqm → eiφ(qe + iqm). (2.17)
But, the Dirac quatization rule says2
qieq
j
m = 2π~ηij (2.18)
where ηij is a matrix of integers. So we have invariance if φ = ±π2 .
2.2 p-form duality
Let us now collect and generalize what we have learned so far.
Suppose we study a p-form theory in D dimensions, i.e.
A =
1
p!
Aµ1µ2...µpdx
µ1 ∧ dxµ2 · · · ∧ dxµp
F≡dA = 1
(p+ 1)!
∂[µ1Aµ2µ3...µp+1]dx
µ1 ∧ · · · ∧ dxµp+1 ,
(2.19)
where F is the field strength; Fµ1µ2...µp+1 = ∂[µ1Aµ2...µp+1] and p 6 D − 2.
The action is
SA =
1
2(p + 1)
∫
dDxFµ1µ2...µp+1(A)F
µ1µ2...µp+1(A)
=
1
2(p + 1)
∫
dDxF 2(A) (2.20)
So the field equations and the Bianchi identities are, respectively
∂µF
µµ1...µp(A) = 0 (2.21)
∂µ
∗Fµµ1...µD−(p+2)(A) = 0 (2.22)
A parent action is e.g.
SF,Λ =
1
2(p+ 1)
∫
dDx
(
F 2 + aΛ∂∗F
)
(2.23)
where Λ is aD−(p+2)-form. Varying this action with respect to Λ get back SA.
If we instead vary the parent action with respect to F and put the expression
for F back into SF,Λ, the parent action transforms into the dual action
SΛ =
1
2(p + 1)
∫
dDxF 2(Λ) (2.24)
where F (Λ) is a D−(p+1)-form (F (Λ) ∼ ∗F (A)). Hence, there is a dualization
between the p-form A and the D−(p+2)-form Λ. The diagram is now (Fig.2.1)
2Here i, j denumbers the charges of the different particles.
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SF,Λ
✡
✡
✡
✡
✡
✡
✡
✡
✡
✡✢
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏❫
δΛ δF
SA SΛ
✻ ✻
dual
Figure 2.1: The parent action SF,Λ is (classically) equivalent to both SA and SΛ
showing that SA is dual to SΛ and vice versa.
In the picture where we gauge the shift-symmetry the situation looks as
follows. The action
SA =
1
2(p + 1)
∫
d4xF 2(A)
=
1
2(p + 1)
∫
d4x∂A∂A (2.25)
is invariant under the global symmetry A → A + ǫ. When we gauge this
symmetry the action changes into
SA,V =
1
2(p + 1)
∫
d4xDADA (2.26)
where DA = ∂A+ V and where V is a p+ 1-form. The parent action is
SA,V,Λ =
1
2(p + 1)
∫
dDx (DADA+ Λ ∗W ) (2.27)
where Λ and ∗W are D − (p+ 2)-forms. This is summarized in Fig.2.2 below.
Using this language we collect our previously discussed D = 4 examples in the
table 2.1. Here we have renamed the scalar field φ and called it A viewing it as
a zero form. In D = 3 the corresponding table is seen in table 2.2.
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SA,V,Λ
✡
✡
✡
✡
✡
✡
✡
✡
✡
✡✢
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏❫
δΛ δV
SA SΛ
✻ ✻
dual
Figure 2.2: The parent action SA,V,Λ is (classically) equivalent to both SA and SΛ,
showing that SA is dual to SΛ and versa vice.
p Ap Fp+1 ΛD−(2+p) F(Λ)D−p−1
0 A Fµ(A) Λµν Fµνρ(Λ)
1 Aµ Fµν(A) Λµ Fµν(Λ)
2 Aµν Fµνρ(A) Λ Fµ(Λ)
Table 2.1: The various possibilities of p-form dualities in D = 4.
p Ap Fp+1 ΛD−(2+p) F(Λ)D−p−1
0 A Fµ(A) Λµ Fµν(Λ)
1 Aµ Fµν(A) Λ Fµ(Λ)
Table 2.2: The various possibilities of p-form dualities in D = 3.
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Excercise: Construct the various parent actions corresponding to table
2.2.
2.3 3D vector-vector duality
2.3.1 Dualization between a self dual vector field and a self dual
topologically massive vector gauge field
To illustrate that there may be more complicated dualities than the p-form
dualities just described, let us look at a 3D example [6].
The action (which is linear in derivatives)
SB =
1
2
∫
d3x
(
m2BµB
µ − 1
2
mǫµνρBµ∂νBρ
)
(2.28)
describes a massive, self dual vector field. The field equation reads
δBµ : 2m
2Bµ −mǫµνρ∂νBρ = 0. (2.29)
Defining Fµν(B) ≡ ∂[νBρ] and ∗Fµ ≡ 12ǫµνρFνρ we get the self duality condi-
tion3:
Bµ =
1
2m
∗Fµ(B) (2.30)
The action (2.28) is in fact dual to another action for a self dual topologically
massive vector gauge field Aµ with action
SA =
∫
d3x
(
−1
4
Fµν(A)F
µν(A) +
1
2
mǫµνρAµFνρ(A)
)
(2.31)
which is quadratic in derivatives; Fµν(A) ≡ ∂[µAν]. The field equations are
δAµ : ∂µF
µν(A) +mǫµνρFνρ = 0 (2.32)
giving the self duality condition:
∂µF
µν = −2m ∗F ν (2.33)
The duality can, as we are accustomed to by now, be seen in many different
ways. One parent action is
SB,A =
1
2
∫
d3x
{
m2BµB
µ +mǫµνρ (BµFνρ(A) +AµFνρ(A))
}
(2.34)
The equivalence to SA is immediately, the field equation,
δBµ : B
µ = − 1
2m
ǫµνρFνρ(A) (2.35)
3Here “dual” refers to Hodge duality.
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returns SA when plugged back into SB,A. On the other hand
δAµ : ǫ
µνρ∂νBρ + ǫ
µνρFνρ(A) = 0 (2.36)
returns SB if we partially integrate in the Chern-Simons term and use the field
equations (2.36) twice:
SB,A →
∫
d3x{m2BµBµ −mǫµνρ(Bµ∂νBρ +Aµ∂νBρ)}
=
∫
d3x{m2BµBµ −mǫµνρ(Bµ∂νBρ −Bρ∂νAµ)}
=
∫
d3x{m2BµBµ − 1
2
mǫµνρBµ∂νBρ} (2.37)
Another parent action is
SA,B =
∫
d3x
{
−1
4
Fµν(A)F
µν(A) +
1
2
mǫµνρ
(
Fµν(A)Bρ − 1
4
Fµν(B)Bρ
)}
(2.38)
Varying SA,B with respect to Bµ gives back SA and SB is obtained when SA,B
is varied with respect to Aµ.
2.3.2 3D dualization from 2D point of view
Let us dimensionally reduce the above models. Thus, consider again the 3D
parent action (2.34)
SB,A =
1
2
∫
d3x
{
m2BµB
µ +mǫµνρ(BµFνρ(A) +AµFνρ(A))
}
Then make a 2+1 split of the vector fields
Bµ → (Bµ, φ); Aµ → (Aµ, λ) (2.39)
Assuming the fields have no dependence on the third coordinate the 2D parent
action may be written (up to boundary terms)
SB,φ,A,λ =
1
2
∫
d2x
{
m2(BµB
µ + φ2) + 2mǫµν(Bµ∂νλ+ φ∂µAν + 2λ∂µAν)
}
(2.40)
Varying the 2D parent action with respect to Bµ and φ yields
δBµ : 2m
2Bµ + 2mǫµν∂νλ = 0 ⇒ Bµ = − 1
m
ǫµν∂νλ
δφ : 2m2φ+ 2mǫµν∂µAν = 0 ⇒ φ = − 1
m
ǫµν∂µAν
(2.41)
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Putting these expressions into SB,φ,A,λ gives the action
SA,λ =
∫
d2x
{
−1
4
FµνF
µν +
1
2
∂µλ∂
µλ+mǫµνλFµν
}
(2.42)
where Fµν ≡ ∂[µAν]. SA,λ is dual to another action SB,φ which is found by
varying the parent action (2.40) with respect to Aµ and λ. So it is a simulta-
neous dualization of a vector and a scalar which should be interpretable as two
scalar-scalar dualities in 2D.
Another parent action is
SA,λ,B,φ =
∫
d2x
{
−1
4
Fµν(A)F
µν(A)− 1
2
∂µλ∂
µλ
−mǫµν
(
−Bµ∂νλ− φ∂µAν + 1
2
φ∂µBν
)}
(2.43)
Again, dualization proceeds as in the previous case. Note that we have
more possibilities in 2D than in 3D, however. When we relax the requirement
that (Bµ, φ) or (Aµ, λ) (the 3D vectors) should be integrated out we may e.g.
integrate out Bµ and λ, say.
In [7], a non-Abelian versions of the 3D duality discussed here was given.
It might be interesting to look at the 2D non-Abelian dualities that arise from
those models.
Now, what about non-abelian theories in general? Due to the self interaction
we do not have a shift symmetry to gauge and due to the non-abelian nature,
the Bianchi identity is not directly integrable (Rememeber Dµ contains the
connection). It is therefore a bit interesting that the above 3D duality can be
generalized to non-abelian form. It is one of very few such examples.
For σ-model duality there exists a systematic non-abelian dualization how-
ever. We shall return to the question in that context.
Exercise: Find the remaining dual actions in 2D.
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Chapter 3
σ-Model Duality
3.1 String interlude
String theories are based on 2D non-linear σ-models with bosonic (and fermionic)
degrees of freedom. The bosonic part of the critical superstring action may be
written (with no coupling to background fields)
S = − 1
4πα′
∫
d2ξ
√−ggabγab (3.1)
where α′ is the inverse string tension, gab is an auxiliary metric on the world
sheet and the induced metric γab is
γab = ∂aX
µ∂bX
νηµν , (3.2)
ηµν is the trivial background
1.
The coordinates Xµ on M10 (target space) are given by a mapping
Xµ : M2 −→M10 (3.3)
The string action including coupling to background fields is given in covari-
ant gauge by
S = − 1
4πα′
∫
d2ξ
{
∂aX
µ∂aXνGµν(X) + ǫ
ab∂aX
µ∂bX
νBµν(X) − α′R(2)φ(X)
}
(3.4)
where Gµν is the non-trivial background metric, Bµν is an antisymmetric tensor
field, φ a scalar field and R(2) is the world-sheet Ricci scalar. This action has a
duality called T -duality (target space duality).
To lowest order in the string parameter α′ the vanishing of the β-functions,
i.e. the requirement of scale invariance of the quantum theory, results in field
equations for the background geometry fields G, B and φ that may be summa-
rized in the effective action
Seff = −
1
2κ2
∫
d10X
√−Ge−2φ
{
R(10) +
1
6
FµνρF
µνρ − 4DµφDµφ
}
. (3.5)
1We use a, b . . . = 0, 1 as world sheet indices and µ, ν . . . = 0, 1, . . . , 9 as space-time indices.
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Here κ2 is the gravitational coupling, R(10) is the Ricci curvature scalar of the
ten-dimensional target space (space-time), Fµνρ is the field strength of Bµν
(Fµνρ = ∂[µBνρ]) and Dµ is the covariant derivatives on the target space. The
action (3.5) has a S-duality2 symmetry. When supersymmetry is taken into
account more fields are needed.
Amongst the string dualities one also find U -duality which is a combination
of T - and S-duality, including dimensional reduction [8]. We will not discuss
U -duality in these notes.
We now turn to the second type of duality that is relevant for String Theory.
T -duality is a transformation that acts on 2D sigma-models. Before we rush
into T -duality, we first present some preliminaries on D-dimensional σ-models
and construct the dual action when the target space has an isometry.
3.2 σ-models, target space isometries and the
Legendre transform
A σ-model is a map from a d-dimensional space M into a D-dimensional target
space T
φµ : M −→ T (3.6)
with action
Sφ =
∫
ddξ∂aφ
µ∂aφνGµν(φ) (3.7)
where ∂a ≡ ηab∂b, ηab is the Minkowski metric and ∂a ≡ ∂∂ξa .
With Gµν nontrivial, it is a non-linear σ-model. Gµν has the interpretation
of a metric on T . The equation of motion that follows from (3.7) reads
δφµ : ∂a[∂
aφνGµν(φ)]− 1
2
Gρσ,µ∂aφ
ρ∂aφσ = 0 (3.8)
As an aside, we rewrite this as
0 = ∂2φνGµν + ∂aφ
ρ∂aφνGµν,ρ − 1
2
Gρσ,µ∂aφ
ρ∂aφσ
= ∂2φνGµν +
1
2
∂aφ
ρ∂aφσ(2Gµσ,ρ −Gσρ,µ)
⇒ ∂2φµ + 1
2
Gµν(Gνσ,ρ +Gνρ,σ −Gσρ,ν)∂aφρ∂aφσ = 0,
so that
∂2φµ + Γµ σρ∂aφ
ρ∂aφσ = 0 (3.9)
where the Levi-Civita connection is
Γµ σρ ≡
1
2
Gµν(Gνσ,ρ +Gνρ,σ −Gσρ,ν) (3.10)
2S duality is the kind of duality we treated in the previous sections.
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The pullback Da to M of the covariant derivative Dµ on T is
Da ≡ ∂aφµDµ (3.11)
with
Dµ = ∂µ + Γµ (3.12)
Now φµ is a coordinate on T , so it is not a vector, but ∂aφ
µ is, since it involves
the difference ∆φµ. So we may write
Da∂aφ
µ = ∂aφρ(∂ρ∂aφ
µ + Γ µρσ ∂aφ
σ)
= ∂2φµ + Γ µρσ ∂
aφρ∂aφ
σ. (3.13)
Hence our field equation (3.8) may be written
Da∂aφ
µ = 0 (3.14)
Thus the name “harmonic map”.
Now back to the σ-model action (3.7)
Sφ =
∫
ddξGµν(φ)∂aφ
µ∂aφν
Suppose now that the target space metric Gµν has an isometry, given by a
vector field ǫµ(φ). Then the Lie derivative of the metric along the vector field
ǫµ(φ) vanishes, i.e.,
£ǫGµν = 0 ⇔ δǫGµν = 0, δǫφµ = ǫµ. (3.15)
We first show that isometry is a symmetry of the σ-model action:
δǫS =
∫
ddξ {Gµν,ρǫρ∂aφµ∂aφν + 2Gµν∂aǫµ∂aφν}
=
∫
ddξ{Gµν,λǫλ + 2Gλνǫλ,µ}∂aφµ∂aφν .
Using that
1
2
Gµ(νǫ
µ
,ρ) +
1
2
Gνρ,µǫ
µ =
1
2
Gµ(ν∇ρ)ǫµ, (3.16)
we may write
δǫS =
∫
ddξGµ(ν∇ρ)ǫµ∂aφν∂aφρ
=
∫
ddξ∇(µǫν)∂aφµ∂aφν
= 0 (3.17)
as long as ǫµ is a Killing field, i.e. it generates an isometry.
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Choosing adapted coordinates, i.e., coordinates such that ǫ = ∂
∂φ0
say, we
find the following parent action [10]
Sφ,V,Λ =
∫
ddξ
(
G00V
aVa + 2G0iV
a∂aφ
i +Gij∂
aφi∂aφ
j + Λab∂aVb
)
. (3.18)
Varying the σ-model action with respect to Λab yields
δΛab : ∂[aVb] = 0 (3.19)
Hence Va = ∂aφ
0 such that Sφ,V,Λ → Sφ. Varying the action instead with
respect to Va yields
δVa : 2G00V
a + 2G0i∂
aφi − ∂bΛba = 0
=⇒ V a = (G00)−1
[
1
2
∂bΛ
ba −G0i∂aφi
]
(3.20)
Putting the expression for Va back into the action yields
Sφ,V,Λ → S˜ =
∫
ddx
{
1
G00
[
−1
4
∂bΛ
ba∂cΛ
c
a +G0i∂bΛ
ba∂aφ
i
]
+
[
Gij − Gi0G0j
G00
]
∂aφ
i∂aφj
}
. (3.21)
Now, ∂bΛ
ba may be written as a field strength of a d− 2 form by taking the
Hodge dual
Aa1...ad−2 =
1
2!
ǫa1...ad−2bcΛ
bc ⇒ Λbc = 1
(d− 2)!ǫ
bca1...ad−2Aa1...ad−2
so that
∂bΛ
bc =
1
(d− 2)!ǫ
bca1...ad−2∂bAa1...ad−2
= − 1
(d− 2)!
1
(d− 1)!ǫ
bca1...ad−2Fba1a2...ad−2 (3.22)
where Fba1a2...ad−2 ≡ ∂[bAa1a2...ad−2]. Using that
∗F c ≡ − 1
(d− 1)!ǫ
bca1...ad−2Fba1a2...ad−2
we may write
∂bΛ
bc =
1
(d− 2)!
∗F c (3.23)
Furthermore we have ∗Fc ∗F c = (−)d−1(d− 1)!Fba1a2...ad−2F ba1a2...ad−2 .
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Again, we see the characteristic feature of duality: the field equations for
the original action
δφ0 : ∂a(G00V
a(φ0) +G0i∂
aφi) = 0; V a(φ0) ≡ ∂aφ0 (3.24)
and the field equations from the dual action
δΛba : ∂[aVb] = 0; Vb(Λ) = G
−1
00
(
1
2
∂aΛ
a
b −G0i∂bφi
)
(3.25)
are related by (3.25) being the Bianchi identities for (3.24) and (3.24) being the
Bianchi identities for (3.25): duality interchanges field equations and Bianchi
identities.
The duality construction described is actually a Legendre transform[11]:
∂aφ
0 → Va; L(Va) + Λab∂aVb = L˜(F (A))
δL
δVa
= ∂bΛ
ba ∼ ∗F a ⇒ V (F (A))
δL˜
δF
= − ∗V
The above construction generalizes immediately to N commuting (abelian)
isometries.
3.3 T-duality
Let us now descend to d = 2. This is the dimension relevant for strings. As
discussed in Section 3.1, strings moving in a nontrivial background are described
by the action (in conformal gauge)
S =
∫
d2ξ
{
∂aXµ∂aX
νGµν(X) + ǫ
ab∂aX
µ∂bX
νBµν(X)
}
(3.26)
where φµ → Xµ to indicate the interpretation of the target space as space-time.
We encounter the new possibility of having a parity breaking term involving an
antisymmetric tensor field Bµν , called the Kalb-Ramond field. Physically Gµν
is the metric and Bµν is the potential for the torsion in space-time. There is
also in general a dilaton field φ which enters the action as
∫
d2ξ
√−gφR(2) (in
a general gauge).
Assuming that there is a generalized isometry, i.e., a transformation that
leaves G and B invariant, i.e.
£ǫGµν = £ǫBµν = 0, (3.27)
the above σ-model action can be dualized to another one (∼ denotes dual
quantities)
S˜ =
∫
d2ξ
{
∂aX˜
µ∂aX˜νG˜µν(X˜) + ǫ
ab∂aX˜
µ∂bX˜
νB˜µν(X˜)
}
(3.28)
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with the dual metric, dilaton and Kalb-Ramond field satisfying the Buscher
rules [9]
G˜00 = G
−1
00
G˜0i = G
−1
00 B0i
G˜ij = Gij −G−100 (Gi0G0j +Bi0B0j)
B˜ij = Bij +G
−1
00 (Gi0B0j +Bi0G0j)
B˜0i = G
−1
00 G0i
φ˜ = φ− 1
2
lnG00
(3.29)
The transformation of the dilaton field φ is a one-loop effect. It results, e.g.,
from a transformation of the measure if the dualization is performed in the path
integral.
3.4 The bosonic O(3) model
In this section we apply the dualization rules to a specific example, the O(3)
model. We dualize the bosonic model as well as its N = 2 susy extension. In
the latter case we use the superspace dualization prescription [10, 11, 12, 13].
We find that the coordinates choosen by the superspace prescription and those
of the bosonic prescription differ and we display the coordinate transformation.
We use this example also to illustrate that the dual background may have
torsion even if the original one does not.
The action of the O(3) model is
S =
∫
d2x∂µσ
a∂µσa (3.30)
with the constraint that σaσa = 1. In coordinates ϕ ≡ (σ1+ iσ2)/(1+σ3) that
solve the constraint it becomes
S =
∫
d2x
(
1
1 + ϕϕ¯
)2
∂µϕ∂
µϕ¯
=
∫
d2xGϕϕ¯∂µϕ∂
µϕ¯. (3.31)
This σ-model has a Ka¨hler structure. In fact
Gϕϕ¯ = ∂ϕ∂ϕ¯ ln(1 + ϕϕ¯) ≡ ∂ϕ∂ϕ¯K(ϕ, ϕ¯) (3.32)
where K(ϕ, ϕ¯) is the Ka¨hler potential.
An N = 2 susy version is given by
SN=2 =
∫
d2xd2θd2θ¯ ln(1 + φφ¯) (3.33)
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with chiral3 superfield φ = ϕ1+ iϕ2, and where ϕ1 and ϕ2 transform under the
U(1)-symmetry according to;
ϕ1 → ϕ1 cos θ − ϕ2 sin θ
ϕ2 → ϕ2 cos θ + ϕ1 sin θ
(3.34)
3.4.1 Dualization of the bosonic model
To familiarize the reader with the dualization procedure in this example, we
dualize in two sets of coordinates.
In real coordinates the O(3) model action is written as
S =
∫
d2x
(
1
1 + ϕ21 + ϕ
2
2
)2 [
(∂ϕ1)
2 + (∂ϕ2)
2
]
. (3.35)
Using polar coordinates (ϕ, θ), (adapted to the U(1) rotation), letting ∂θ → V
and ϕ2 ≡ ϕ21 + ϕ22, the parent action may be written as
SP =
∫
d2x
{(
1
1 + ϕ2
)2 [
ϕ2V 2 + (∂ϕ)2
]
+ 2λǫνµ∂νVµ
}
. (3.36)
Variation of this action with respect to λ yields
δλ : Vµ = ∂µθ. (3.37)
Putting the expression for Vµ back into the parent action gives the original
action S (in adapted coordinates).
Variation with respect to Vµ yields
δ Vµ : ϕ
2GV µ = ǫνµ∂νλ ⇒ V µ = ϕ−2G−1ǫνµ∂νλ (3.38)
where G ≡ 1/(1 + ϕ2)2. The action dual to (3.35) that we find by plugging
(3.38) back into (3.36), is
S˜ =
∫
d2x
{
G(∂ϕ)2 + ϕ−2G−1(∂λ)2
}
=
∫
d2x
{(
1
1 + ϕ2
)2
(∂ϕ)2 +
(1 + ϕ2)2
ϕ2
(∂λ)2
}
(3.39)
This form of the dual action is difficult to compare to the (bosonic part of the)
dual action in superspace. Let us therefore repeat the above procedure in a
different set of coordinates. Defining
ϕ ≡ expω (3.40)
the action (3.31) transforms into
S =
∫
d2x
exp(ω + ω¯)
(1 + exp(ω + ω¯))2
∂µω∂
µω¯ (3.41)
3See section 3.4.2.
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If we further introduce ρ and κ via
ω ≡ 1
2
(ρ+ iκ) ⇒ ω + ω¯ = ρ ;ω − ω¯ = iκ, (3.42)
the action (3.41) becomes
S =
∫
d2x
1
4
exp ρ
(1 + exp ρ)2
[
(∂ρ)2 + (∂κ)2
]
. (3.43)
The parent action is now
SP =
∫
d2x
{
1
4
exp ρ
(1 + exp ρ)2
[
(∂ρ)2 + V 2
]
+
1
2
λǫνµ∂νVµ
}
. (3.44)
Varying the parent action with respect to the Vµ yields
δVµ :
exp ρ
(1 + exp ρ)2
V µ = ǫνµ∂νλ. (3.45)
Putting the corresponding expression for Vµ back into the parent action gives
dual action in the new coordinates
SP → S˜ = 1
4
∫
d2x
{
exp ρ
(1 + exp ρ)2
(∂ρ)2 +
(1 + exp ρ)2
exp ρ
(∂λ)2
}
(3.46)
3.4.2 The N=2 supersymmetric model
Supersymmetric non-linear σ-models are closely related to complex geometry
[14, 15]. In two dimensions the target space geometry must be Ka¨hler when
N = 2 and hyperka¨hler when N = 4. Inclusion of torsion potential terms
changes this classification a bit [12], but still restricts the geometry.
There is no restriction on the target space for the N = 1 supersymmetric
σ-model. The action is written4
SN=1 =
∫
d2zd2θ(Gij +Bij)D+φ
iD−φj (3.47)
where φi → φi(z, z¯, θ), D2+ = ∂ and D2− = ∂¯.
In the N = 2 model the target space must be Ka¨hler. The action is written
SN=2 =
∫
d2zd2θd2θ¯K(φi, φ¯i, χi, χ¯i) (3.48)
where K is the (generalized) Ka¨hler potential. The superfields satisfy the con-
ditions
D¯±φ = D±φ¯ = 0 (the chiral condition) (3.49)
D¯+χ = D−χ = 0 (the twisted chiral condition). (3.50)
4We use coordinates z, z¯ = x1 ± x2, d2z ≡ dzdz¯, ∂ ≡ ∂/∂z.
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The N = 2 supersymmetry is defined through the (anti) commutation re-
lations {D+, D¯+} = ∂, {D−, D¯−} = ∂¯. The two spinor indices are written out
explicitly as + and −.
We now return to the O(3) model, with Ka¨hler potential as in (3.32). In
superspace the Ka¨hler potential is
K(φ+ φ¯) = ln(1 + exp(φ+ φ¯)) (3.51)
and the action is
SN=2 =
∫
d2zd2θd2θ¯ ln(1 + exp(φ+ φ¯)). (3.52)
The parent action to (3.52) is
SP =
∫
d2zd2θd2θ¯
{
ln(1 + expX)−X(Λ + Λ¯)} , (3.53)
where Λ is a twisted chiral superfield. The equivalence to (3.52) is seen from
the field equations for Λ and Λ which say that X = φ + φ for a chiral field φ.
Varying the parent action with respect to X we find
δX :
(
1
1 + expX
)
expX = Λ+ Λ¯
expX =
Λ+ Λ¯
1− (Λ + Λ¯) . (3.54)
Putting the expression for X back into the parent action, the action turns into,
(we define Λ + Λ¯ ≡ x)
SP → S˜N=2 =
∫
d2zd2θd2θ¯
{
ln
[
1 +
x
1− x
]
− ln
(
x
1− x
)
x
}
=
∫
d2zd2θd2θ¯ {−(1− x) ln(1− x)− x lnx} . (3.55)
The metric is found by differentiating K twice
K = −{x ln x+ (1− x) ln(1− x)}
Kx = −{lnx+ 1− ln(1− x)− 1}
Kxx = −
{
1
x
+
1
1− x
}
= − 1
x(1− x) = gxx (3.56)
From (3.56) we read off the bosonic part of the action (3.55) (returning to
real coordinates):
S =
∫
d2xKϕϕ¯∂aϕ∂
aϕ¯
=
∫
d2xgxx(∂aϕ0∂
aϕ0 + ∂aϕ1∂
aϕ1) (3.57)
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where ϕ ≡ ϕ0 + iϕ1 is the lowest component of the superfield φ.
To compare to our previous result, we return to the bosonic dual action
(3.46)
SP =
1
4
∫
d2x
{
exp ρ
(1 + exp ρ)2
(∂ρ)2 +
(1 + exp ρ)2
exp ρ
(∂λ)2
}
We want this on the form (3.57). Clearly a change of coordinates (a field
redefinition) is needed. We try
ρ˜ =
1
1 + exp ρ
(3.58)
This transforms the action into
SP → 1
4
∫
d2x
1
ρ˜(1− ρ˜) [(∂ρ˜)
2 + (∂λ)2] (3.59)
where the metric
G = − 1
ρ˜(1− ρ˜) (3.60)
So, we recover the action (3.57). We see that the superspace version of dual-
ity automatically leads to complex coordinates whereas the complex manifold
structure gets obscured when we use the Buscher rules.
3.4.3 The O(3) model with a θ-term
In this subsection we include a B-term in the O(3) action. We call it a θ-term
since in this case it is topological (i.e. a total divergence).
The action for the O(3) σ-model is
S =
1
g2
∫
d2x
{
∂aσ
i∂aσi − α(σiσi − 1) + g2θǫijkǫabσi∂aσj∂bσk
}
(3.61)
where i, j . . . denote O(3) indices. Using stereographic projection
ϕ ≡ σ
1 + iσ2
1 + σ3
(3.62)
we have
σ1 =
ϕ+ ϕ¯
1 + ϕϕ¯
; σ2 =
i(ϕ¯− ϕ)
1 + ϕϕ¯
; σ3 =
1− ϕϕ¯
1 + ϕϕ¯
(3.63)
In these coordinates the action becomes
S =
∫
d2x
{
1
g2(1 + ϕϕ¯)2
∂aϕ¯∂
aϕ− 4iθ
(1 + ϕϕ¯)2
ǫab∂aϕ¯∂bϕ
}
(3.64)
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Defining ϕ ≡ ϕ0 + iϕ1, the Buscher rules give us
G˜00 = G
−1
00 = g
2(1 + ϕ21)
2
G˜01 = G
−1
00 B01 = 4θg
2
G˜11 = G11 −G−100 B10B01 =
1
g2(1 + ϕ21)
2
(
1 + 16θ2g4
)
B˜01 = G
−1
00 G01 = 0
(3.65)
So, the action (3.64) dualizes to a model without a θ-term:
S˜ =
∫
d2x
{
g2(1 + ϕ21)
2(∂ϕ˜0)
2 + 8θg2∂aϕ˜0∂
aϕ1 +
(1 + 16θ2g4)
g2(1 + ϕ21)
2
(∂ϕ1)
2
}
(3.66)
In the string context this means that a torsionful string background may
dualize to one without torsion, thus changing the geometry drastically. This
may not be totally obvious from the present simple example, since the torsion
term in (3.61) is a total divergence, and thus not really there (in trivial topolo-
gies). A more interesting and nontrivial example of N = 2 duality is given
by the WZW model on SU(2) × U(1) which is dual to [SU(2)/U(1)] × U(1)2
[16, 17].
3.5 Non-Abelian dualization
At the end of our disussion of S-duality we gave a 3D example that has a non-
Abelian generalization. We mentioned then that this is a fairly rare non-Abelian
case. When it comes to S-duality, however, there are general prescriptions. We
summarize one of them [18] below.
We start from the action
S =
∫
d2xG
iˆjˆ
(φ)∂aφ
iˆ∂aφjˆ , iˆ = (i, µ) (3.67)
which is assumed to have an symmetry group G of non-Abelian isometries
φi → gijφj ; g ∈ G (3.68)
We gauge a subgroup H ⊆ G introducing the corresponding gauge potential
Aµ. The parent action may be written
SP =
∫
d2x
{
Gij(φ)Daφ
iDaφj + trΛF
}
(3.69)
where the covariant derivative is
Daφ
i = ∂aφ
i +Aαa (Tα)
i
jφ
j ; Aa → (A, A¯) (3.70)
with Tα the generators of the Lie algebra of G. The field strength is
F ≡ ∂A¯− ∂¯A+ [A, A¯]. (3.71)
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Variation of the parent action with respect to the Lagrange multiplier Λ yields
δΛ : F = 0 (3.72)
so that the gauge potential is “pure gauge”
A = h−1∂h, A¯ = h−1∂¯h, h ∈ H (3.73)
Plugging this back into (3.69) we recover (3.67). The dual action found by
eliminating Aµ is
S˜φ,Λ = Sφ −
∫
d2zh¯α(f
−1)αβhβ (3.74)
where
fαβ ≡ −c γαβ Λγ + φi(Tβ)kiGkl(Tα)lmφm
hα ≡ −∂Λα +Gai∂φa(Tα)iv∂φi
(3.75)
But taking the dual of the dual does not give the original action back5. In
fact the dual metric may not have any isometries at all. In the next section,
however, we will show how it may be possible to solve this problem.
3.6 Poisson-Lie T-duality
In this last section we will introduce the basics of what has been called Poisson-
Lie T-duality [19]. It generalizes the abelian and the traditional non-abelian
dualities (the latter was presented in the previous section) since this construc-
tion is not based on the presence of isometries for the background and the dual
background metrics.
Consider a σ-model with fields φi mapping fields φi from some two di-
mensional worldsheet manifold M into a target space T. The target space is
assumed to have a metric Gij as well as a torsion potential Bij . The action
may be written
Sφ =
∫
d2z∂φiFij(φ)∂¯φ
j (3.76)
where Fij = Gij + Bij. The group structure G of the target space T defines a
group action
δφi = kaeia (3.77)
where ka are parameters that depend on the coordinates (z, z¯) of M and
eia are the invariant frame fields
6 in the Lie algebra G of the group G; a =
1, 2, . . . ,dimG. The frame fields obey the relation
[ea, eb]
i = f cabe
i
c (3.78)
5D2 6= 1 (cf. excercise at the end of chapter 1).
6In three and four dimensions the frame fields are usually called triads (dreibeins) or tetrads
(vierbeins), respectively.
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where f cab are the structure constants of the Lie group G.
Varying the action with respect to φi gives
δSφ =
∫
d2z{ka∂φi£eaFij ∂¯φj + ∂kaeiaFij ∂¯φj + ∂¯ka∂φiFijeja} (3.79)
where £kaFij is the Lie derivatives of Fij . The currents Ja are given by the
1-form
Ja = Jadz + J¯adz¯ (3.80)
where7
Ja = ∂φ
iFije
j
a ; J¯a = e
i
aFij ∂¯φ
j (3.81)
From eq.(3.79) we thus see that a target space with isometries, i.e. £eaFij =
08, gives us simply the equations of motion
∂J¯a + ∂¯Ja = 0 (3.82)
Written in a coordinate independent way we have d ∗ Ja = 0, where {∗Ja} is
the dual basis to {Ja}. This is a special case corresponding to f˜ cab = 0, where
f˜ cab are the structure constants of the dual target space (with Lie algebra G˜).
However, in the non-Abelian case, the equations of motion are given by the
Maurer-Cartan equation
d ∗ Ja + 1
2
f˜ bca ∗ Jb ∧ ∗Jc = 0 (3.83)
The component equations of (3.83) read
∂J¯a + ∂¯Ja + Jbf˜
bc
a J¯c = 0 (3.84)
From (3.79) we find ∂φi£eaFij ∂¯φ
j = ∂J¯a + ∂¯Ja. If we further use the expres-
sion for the currents (3.81) the component equations (3.84) give the following
condition for Fij :
£eaFij = Fike
k
b f˜
bc
a e
l
cFlj (3.85)
We know that the Lie derivatives have to satisfy the relation
[£ea ,£eb ] = f
c
ab£ec (3.86)
Applying eq.(3.86) to (3.85) thus gives us the relation between the structure
constants of the target space and the structure constants of the dual target
space
fadcf˜
rs
a = f˜
as
c f
r
da + f˜
ra
c f
s
da − f˜asd f rca − f˜ rad f sca (3.87)
7We may find the currents from the Lagrangian using the definition Jµ = (∂L/∂(∂µφ
i))δφi,
where µ = {z, z¯}. Remembering that Jz = Jz¯ ≡ J¯ and J
z¯ = Jz ≡ J , we find the results given
in eq.(3.81).
8In section 3.2 it was shown that if the metric has an isometry, that isometry is a symmetry
of the σ-model action.
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This is the Jacobi identity for the Lie bi-algebra (G, G˜), the so-called Drinfeld
Double.
We now expect that the action dual to (3.76),
S˜
φ˜
=
∫
d2z∂φ˜iF˜ij(φ˜)∂¯φ˜
j , (3.88)
should obey the same condition as (3.85) but with the tilded and un-tilded
variables interchanged
£e˜aF˜
ij = F˜ ike˜bkf
a
bce˜
c
l F˜
lj (3.89)
The backgrounds we expect to be related via
(F (φ = 0))−1ij = F˜
ij(φ˜ = 0) (3.90)
Now, we want the field equations (3.83) of the original theory to be the
Bianchi identity of the dual theory. This is achieved as follows. We introduce
the Maurer-Cartan form ∗J on G˜ which we expand in terms of the dual basis
{T˜ a}
∗J = ∗JaT˜ a (3.91)
where [T˜ b, T˜ c] = f˜ bca T˜
a. If ∗J is a pure gauge field, i.e.
∗J ≡ g˜−1dg˜; g˜ ∈ G˜, (3.92)
this ensures that the field equations (3.83) becomes the Bianchi identity in the
dual theory.
To summarize, we have learned that two target spaces are dualizeable only
if the backgrounds satisfy the system of partial differential equations given in
(3.83) and (3.89). In addition the backgrounds must satisfy the condition (3.90).
In other words the original theory and the “dual” theory can be dual to each
other if their target spaces can be embedded into a Drinfeld Double.
A general feature is that backgrounds without torsion are related to back-
grounds with torsion. Furthermore, from eq.(3.83) and (3.89) we see that
an abelian theory (fabc = 0) gives a dual theory of non-abelian isometries
(£eaF˜ij = 0), and vice versa. In a quantum analysis of the Poisson-Lie T-
duality, it appears that when G and G˜ are both non-abelian, one has to shift
the dilaton in both theories to maintain conformal invariance.
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Further reading
In these lectures we have presented the basics of duality. The role of the du-
ality in modern theoretical physics seems to be a very important one at the
moment. A natural continuation for the reader who is interested in the subject
is to learn about the generalized EM duality of the Montonen-Olive type in
supersymmetric gauge theories. There are many good reviews of this subject
and we recommend the ones by Olive [20], Go´mez and Herna´ndez [21], Harvey
[22] and Di Vecchia [23]. We also recommend four techniqual papers on duality:
[24], [25], [26] and [27].
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Appendix A
Notation and Conventions
We use the Minkowski metric gµν = diag(+1,−1, . . . ,−1).
In D = 4 the Levi-Civita symbol ǫµνρσ (with the definition ǫ0123 = 1) obey
the following relations:
ǫµνρσǫµνρσ = −4!
ǫµνρσǫλνρσ = −3!δµλ
ǫµνρσǫλκρσ = −2!δµ[λδνκ]
ǫµνρσǫλκτσ = −1!δµ[λδνκδρτ ]
(A.1)
In D = 3 and D = 2 corresponding relations for the Levi-Civita symbol
(with the definitions ǫ012 = 1 and ǫ01 = 1, respectively) can be found from the
relations
ǫµνρǫλκτ = δ
µ
[λδ
ν
κδ
ρ
τ ], ǫ
µνǫλκ = −δµ[λδνκ] (A.2)
The Hodge dual is defined as follows:
∗Fµνρ ≡ ǫµνρσFσ
∗Fµν ≡ 1
2!
ǫµνρσFρσ
∗Fµ ≡ 1
3!
ǫµνρσFνρσ
(A.3)
The anti-symmetrization rule is defined as
A[µBν] ≡ AµBν −AνBµ
A[µBνCρ] ≡ AµB[νCρ] −AνB[µCρ] +AρB[µCν]
= AµBνCρ −AµBρCν −AνBµCρ
+AνBρCµ +AρBµCν −AρBνCµ
(A.4)
Some useful relations are
ǫαµνρ∂[µAνρ] = 3!ǫ
αµνρ∂µAνρ
δµ[λδ
ν
κδ
ρ
τ ]∂µAνρ = ∂[λAκτ ]
δρ[λδ
µ
κδ
ν
α]∂
λAκα = 3!∂[ρAµν]
(A.5)
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